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Quantum states and optics in a p-type heterojunction with lateral
surface quantum dot or antidot superlattice subjected to perpendicular
magnetic field
V.Ya. Demikhovskii ∗ and D.V. Khomitsky
Nizhny Novgorod State University
Gagarin Ave. 23, Nizhny Novgorod 603950, Russia
The studies of quantum states and optics in a p-type heterojunction with lateral
surface quantum dot (antidot) superlattice and in the presence of perpendicular
magnetic field are performed. For the first time the Azbel’– Hofstadter problem
is solved for holes in a complicated valence band described by the 4 × 4 Luttinger
Hamiltonian. The set of magnetic subbands is obtained for separate hole levels in
a wide interval of magnetic field. We found remarkable differences between hole
spectra and the Hofstadter ”butterfly” for electrons. The influence of the spin-orbit
interaction onto wavefunctions and energy spectrum has been investigated. The
probabilities of optical transitions between quantum states in the valence band and
donors located in the monolayer inside the heterojunction are calculated. The set
of parameters (superlattice periods, amplitude of periodic potential, magnitude of
magnetic field, etc.) required for experimental observation of splitted hole Landau
levels is determined.
PACS number(s): 73.21.-b, 73.21 Cd, 78.67.-n
I. INTRODUCTION
The problem of quantum states of 2D Bloch electrons subjected to magnetic field remains actual
over several last decades. The fascinating physical phenomena occurring here are caused by the
mutual effects of the crystalline periodic potential and the non-periodic vector potential of uniform
magnetic field. The former leads to the energy band structure while the latter tends to form discrete
energy levels. The crucial parameter determining the nature of quantum states in this problem is
magnetic flux Φ penetrating the lattice elementary cell. If the flux is equal to rational number p/q
of flux quanta Φ0 = 2πh¯c/|e| where p and q are mutually prime integers, it is possible to define a
new set of translations on the lattice, called magnetic translations1,2 for which the quasimomentum
is a good quantum number. To be specific, let the vector potential of uniform magnetic field B be
chosen in Landau gauge
A = (0, Bx, 0) (1)
and Φ/Φ0 = p/q. Under such conditions the simplest form of magnetic translations on a square
lattice with the period a is
x→ x+ qna, y → y +ma (2)
where n and m are integers. From (2) it follows that an elementary cell in the presence of magnetic
field (now called a magnetic cell) is q times larger in x direction, and the corresponding magnetic
Brillouin zone (MBZ) is defined as
−π/qa ≤ kx ≤ π/qa, −π/a ≤ ky ≤ π/a. (3)
∗demi@phys.unn.ru
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The electron wavefunction gains an additional phase under the magnetic translations. The relation
between the translated and the initial wavefunctions in magnetic field is known as the generalized
Bloch conditions (or Peierls conditions)3,2
ψkxky (x, y, z) = ψkxky (x + qa, y + a, z) exp(−ikxqa)×
× exp(−ikya) exp(−2πipy/a). (4)
When the amplitude of periodic potential V0 is smaller than the cyclotron energy h¯ωc one can
neglect the influence of neighboring Landau levels and may obtain the set of magnetic subbands
arising from a single level4. Although the magnitude of magnetic field is represented in terms of
fraction p/q everywhere in the discussed theory, it should be stressed that the numerator p and the
denominator q also exhibit themselves separately. In particular, every Landau level splits into p
subbands with degeneracy degree q which means that the number of subbands depends only on p
and the size of magnetic Brillouin zone (3) is a function only of q. If it becomes needful to include
the interaction between Landau levels, numerical methods are usually applied5,7,8. However, all
dependencies on p, q, and p/q which have been mentioned in this paragraph, remain the same.
During last years several significant theoretical and experimental aspects of the discussed problem
have been investigated. In particular, quantization of Hall conductance in 2D electron gas with
additional periodic potential has been studied4,6,7,9,10. One might expect that each of magnetic
subbands gives a Hall conductance equal to e2/ph, but according to Laughlin each subband must
carry an integer multiple of the Hall current carried by the entire Landau level. In more complicated
models describing Bloch electrons in magnetic field the manifestation of quantum chaos has been
discovered11–13.
Recently the number of experimental studies have been performed in order to investigate the
electron quantum states in 2D heterojunctions with lateral surface superlattice of quantum dots
(antidots). Such a system is convenient for investigation of both classical effects (commensurability
of the lattice periods and cyclotron radius, transition to chaos, etc.) and of the energy spectrum
consisting of magnetic subbands. For example, in Refs. 11,14 the oscillations of longitudinal
magnetoresistance have been detected under the conditions where classical cyclotron radius 2Rc
envelopes an integer number of antidots or numerous reflections from one antidot occur. The
first experimental evidences of Landau levels splitted into the set of magnetic subbands have been
obtained by longitudinal magnetoresistance studies15. Then, the measurements of Hall resistance
in a subband energy spectrum of 2D electrons have also been performed16. In several recent
publications the magnetotransport in 2D hole gas with lateral periodic modulation was studied17,18.
Besides the magnetotransport measurements, the attempts of magnetooptical studies of inter-
band transitions between the conduction band and acceptor impurities have been performed in
n -type heterostructures19. The experiments in p-type heterojunctions without periodic potential
have also become possible due to the progress in technology which substantially improved the
quality of p channels in GaAs/AlGaAs heterojunctions20. Thus, almost all intriguing phenomena
found for 2D electron systems were also observed in 2D hole channels.
The specific features of hole quantum states which have caused the interest to them may be
briefly described as non-trivial effects of symmetry and the spin-orbit interaction. It is known that
in the absence of magnetic field the electron spectrum in a symmetrical quantum well is twofold
degenerate with respect to spin. Opposite, in an asymmetrical heterojunction grown, for example,
in z direction where V (z) 6= V (−z) the relativistic orbital interaction of the electron magnetic mo-
ment and macroscopic heterojunction potential leads to the breakdown of spin degeneracy. Only
twofold Kramers degeneracy E (k, ↑) = E (−k, ↓) remains. In order to obtain transparent and valu-
able results from transport and optical experiments, one may need to choose the set of parameters
(superlattice periods, value of magnetic field and amplitude of periodic potential, etc.) which pro-
vide a sharp, easily distinguishable picture of non-overlapped magnetic subbands originating from
a particular Landau level. Such energy spectra and wavefunctions are studied in the present paper
together with calculation of luminescence intensities for transitions between magnetic subbands
and impurities. In Sec. II we study the hole quantum states in a p - type heterojunction subjected
to magnetic field only (Subsec. II A) and both to magnetic field and the periodic potential of quan-
tum dot superlattice (Subsec. II B). The spin-orbit coupling is included here which is principal for
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the description of holes in semiconductors. For the first time the calculation of magnetic subbands
and four-component wavefunctions for holes in a heterojunction is performed. It was found that
the structure of hole magnetic subbands differs from the well-known Hofstadter ”butterfly”, espe-
cially at high magnetic field. Then in Sec. III we calculate the matrix elements and luminescence
intensities for direct optical transitions between hole magnetic subbands and electrons bound to
donors which are located in the monolayer inside the heterojunction. The huge difference in the
magnitude of luminescence intensities corresponding to different magnetic subbands was found and
the dependence of transition probabilities on polarization was investigated. These results may be
used for identification of complicated magnetic subband spectra in magnetooptical experiments.
The summary of our results is given in Sec. IV.
II. HOLE QUANTUM STATES IN THE PRESENCE OF LATERAL SUPERLATTICE
AND MAGNETIC FIELD
A. Hole Landau levels in a p -type heterojunction without periodic potential
Let us now consider the upper edge of GaAs p-like valence band near the Γ8-point k = 0. In
the presence of the external magnetic field B in the 〈001〉 direction (hereafter denoted by z),
the effective Hamiltonian HL (neglecting linear k terms) is obtained from the 4 × 4 Luttinger
Hamiltonian21,22 by replacing the components of the wave vector by their operator forms,
kα → kˆα = −i ∂
∂xα
+
e
c
Aα. (5)
Besides, one has to include the κ terms, which represent the interaction of the electron’s spin
magnetic moment with the external magnetic field. In this section the atomic units h¯ = m0 = 1
are used. Writing HL in terms of the creation and destruction operators,
a+ =
Rc√
2
k+, a =
Rc√
2
k− (6)
where k± = kx ± iky, Rc =
[
c
eB
]1/2
, and making the no-warping approximation, one obtains the
HL in the following form:
HL =


H11 γ
√
3(eB/c)a2 γ3
√
6eB/c kza 0
H22 0 −γ3
√
6eB/c kza
H33 γ
√
3(eB/c)a2
H44

 , (7)
where
H11 = −(γ1/2− γ2)k2z − (eB/c)
[
(γ1 + γ2)
(
a+a+
1
2
)
+
3
2
κ
]
,
H22 = −(γ1/2 + γ2)k2z − (eB/c)
[
(γ1 − γ2)
(
a+a+
1
2
)
− 1
2
κ
]
,
H33 = −(γ1/2 + γ2)k2z − (eB/c)
[
(γ1 − γ2)
(
a+a+
1
2
)
+
1
2
κ
]
,
H44 = −(γ1/2− γ2)k2z − (eB/c)
[
(γ1 + γ2)
(
a+a+
1
2
)
− 3
2
κ
]
.
The lower half of matrix (7) is obtained by Hermitian conjugation. The hole energy here is
measured as negative, e is a modulus of elementary charge, γ = (γ2+ γ3)/2. The band parameters
appearing in (7) are taken from Ref.22: γ1 = 6.85, γ2 = 2.1, γ3 = 2.9, and κ = 1.2. The Luttinger
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Hamiltonian (7) is written in a basis of p-like atomic functions vj(r) which transform as a set of
eigenfunctions of the angular momentum operator J = 3/2. These |J ;mJ 〉 basis functions may be
written as following:


v1 =| 32 ; 32 〉 =
∣∣∣−√1/2(x + iy) ↑〉 ,
v2 =| 32 ;− 12 〉 =
∣∣∣−√1/6(x− iy) ↑ −√2/3z ↓〉 ,
v3 =| 32 ; 12 〉 =
∣∣∣√1/6(x+ iy) ↓ −√2/3z ↑〉 ,
v4 =| 32 ;− 32 〉 =
∣∣∣−√1/2(x− iy) ↓〉 ,
(8)
where the arrows indicate the z-projection of spin. The holes in GaAs/AlGaAs p-type hetero-
junction grown in z direction which is parallel to the magnetic field are confined by the smoothly
varying potential Vh(z) which allows us to apply the effective-mass approximation. The potential
Vh(z) is of a triangular shape, and on the boundary ψ(0) = 0. It should be noted that such a
shape does not have the inversion symmetry, i.e. Vh(z) 6= Vh(−z) which leads to the breakdown of
the twofold spin degeneracy and to the splitting of energy levels of the effective-mass Hamiltonian
Heff = HL(a
+, a, kz) + Vh(z) · Eˆ (9)
even at the absence of magnetic field22. Hereafter Eˆ stands for a unit 4 × 4 matrix. The lack of
inversion symmetry of the atomic potential of GaAs crystal lattice is present also in bulk material
and is described by linear k-terms in Luttinger Hamiltonian. However, the effects caused by these
terms (the displacement of subband maximum in k-space23,24) are negligible compared with those
induced by heterostructure potential and thus are not considered here.
We first observe that for B = 0 the Hamiltonian (9) becomes diagonal with elements
Hh = −(γ1/2− γ2) d
2
dz2
+ Vh(z),
Hl = −(γ1/2 + γ2) d
2
dz2
+ Vh(z)
that yields an infinite set of doubly degenerate heavy and light hole subband energies and eigen-
functions cνj (z), ν = 1, 2, . . .. These functions are usually obtained by solving Schro¨dinger and
Poisson equations self-consistently. As a result, the shape of potential V (z) has a varying gradient
which reflects the changes in electric field inside the heterojunction20,22. Thus, the precise shape
of functions cνj (z) differs from the one for the case of uniform electric field. However, the inves-
tigations of energy spectrum and the matrix elements of transitions between 2D Bloch quantum
states and impurities require only the information about the overlapping between different local-
ized functions cνj (z), and between them and well-known wavefunctions of impurities. The intervals
of localization for cνj (z) can be obtained with high accuracy for all subbands of size quantization
considered in this paper since the shape of V (z) in a single GaAs/AlGaAs heterojunction is well-
known22. The solution of the effective-mass equation with the Hamiltonian (9) may be written
as a four-component vector of envelope functions in the |J ;mJ〉 basis (8). As it was shown by
Luttinger21, in the presence of magnetic field and under axial approximation one can distinguish
the eigenstates of operator (9) by a discrete quantum number N which defines the particular set
of Landau quantum states. These states have ky-component of momentum under Landau gauge
(1). In the presence of the heterostructure potential the kz-component in (9) is replaced by the
operator kz = −i∂/∂z. Hence, an eigenstate FNky of the operator (9) consists of four envelope
functions and the hole wavefunction is written as
ΨNky =
4∑
j=1
FjNkyvj (10)
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where vj is a |J ;mJ〉 basis function and
FNky = e
iky (C1(z)uN−2, C2(z)uN , C3(z)uN−1, C4(z)uN+1) . (11)
In Eq.(11) uN (x) is a harmonic oscillator wavefunction and the envelope functions Cj(z) are
constructed as a superposition of the zero-field functions cνj (z) with numerically defined co-
efficients, which vanish for negative indexes N . For example, for N = −1 one can obtain
F−1 = (0, 0, 0, C4(z)u0), for N = 0 the solution F0 = (0, C2(z)u0, 0, C4(z)u1), and for N ≥ 2 all
four components of (11) will be nonzero25. After substituting the function (11) into the Schro¨dinger
equation with the Hamiltonian (9) one obtains an algebraic eigenvalue problem. We restrict our-
selves to the first three levels of size quantization which corresponds to two heavy- and one light-hole
levels. This approximation seems to be valid in heterojunctions with typical hole concentration
nh = 5 × 1011cm−2 and depletion-layer density Ndep = 1015cm−3 for which only the lowest hole
level is occupied22,20. For each level of size quantization we take into account several Landau levels
shown on Fig.1. Here one can see the electron-like behavior of light-hole Landau levels at low
magnetic field caused by proximity of the second heavy-hole subband. We assume that the intro-
duction of periodic potential with the amplitude V0 (see the following Subsec.) does not change
cνj (z) significantly since |V0| considered in our paper is much smaller than the size quantization
energies. Hence, in our further studies we use the matrix elements of the effective Hamiltonian (9)
calculated for the functions cνj (z) and the size quantization energies which have been discussed
above.
FIG. 1. Set of hole Landau levels corresponding to the first three subbands of size quantization (two
heavy-hole levels HH1, HH2, and one light-hole level LH1). The electron-like behavior of the light-hole
Landau levels at low magnetic field can be observed. Each level is characterized by Landau index
N = −1, 0, 1, . . . and by dominating spin projection ± (see text). Hereafter the energy is measured
from the top of the valence band in bulk GaAs.
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B. Bloch quantum states in the presence of lateral surface superlattice
The problem of hole quantum states in a p-type heterojunction subjected to magnetic field and
affected by a lateral superlattice is described by the Schro¨dinger equation with the vector potential
(1) and the 2D periodic potential of a lateral superlattice which can be chosen in the form8
V (x, y) = V0 cos
2 πx
a
cos2
πy
a
. (12)
Here a is the superlattice period and the case V0 < 0 (> 0) corresponds to the periodic electric
potential generated by quantum dot (antidot) superlattice. The Hamiltonian for magnetic Bloch
hole quantum states is a sum of (9) and (12):
H = Heff + V (x, y) · Eˆ, (13)
The eigenvectors of the operator (13) are four-component envelope functions written in the |J ;mJ〉
basis (8):
Ψenvelopekxky (r) =
(
ψ
(1)
kxky
(r), ψ
(2)
kxky
(r), ψ
(3)
kxky
(r), ψ
(4)
kxky
(r)
)
, (14)
and the total hole wavefunction is
Ψkx,ky (r) = ψ
(1)
kxky
(r)
∣∣∣∣32;
3
2
〉
+ ψ
(2)
kxky
(r)
∣∣∣∣32 ;−
1
2
〉
+
ψ
(3)
kxky
(r)
∣∣∣∣32 ;
1
2
〉
+ ψ
(4)
kxky
(r)
∣∣∣∣32 ;−
3
2
〉
. (15)
The crucial statement here is the following: as long as the periodic potential (12) is applied,
every hole envelope function in Eq.(14) becomes a magnetic Bloch function classified by kx and ky
quantum numbers varying in the MBZ (3). It should be mentioned that the translation properties
of each component of the envelope function (14) in (xy) plane are the same as for the single-
component electron wavefunction. In particular, every component of (14) satisfies to the Peierls
condition (4). Hence, one can write the components of (14) as a superposition of the Landau
quantum states as it was demonstrated in Refs.4,8, namely
ψ
(j)
kxky
(r) =
1
La
√
q
∑
νj
cνj (z)
∑
Nj
p∑
n=1
GjνjNjn(kx, ky)
L/2∑
l=−L/2
uNj
(
x− x0 − lqa− nqa/p
ℓH
)
×
× exp
(
ikx
[
lqa+
nqa
p
])
exp
(
2πiy
lp+ n
a
)
exp(ikyy), (16)
where for a particular |J ;mJ〉 projection j we take into account several levels of size quantization
νj and for each of them we assume several Landau levels Nj. Then, analogous to the electron
problem described, for example, in Refs 5-7,9, after substituting the wavefunction (15) into the
Schro¨dinger equation with the Hamiltonian (13) one obtains the eigenvalue problem for the coef-
ficients GjνjNjn(kx, ky) and the hole magnetic subbands ενjNjn(kx, ky):
∑
j′ν′
j
N ′
j
n′
(
H
j′ν′jN
′
jn
′
jνjNjn
+ V
j′ν′jN
′
jn
′
jνjNjn
(p/q, kx, ky)
)
Gj′ν′
j
N ′
j
n′ = εGjνjNjn. (17)
Here the notation H
j′ν′jN
′
jn
′
jνjNjn
is used for the projection of the Hamiltonian (9) onto our basis
(j νj Nj n) and V
j′ν′jN
′
jn
′
jνjNjn
(p/q, kx, ky) stands for the matrix elements of the periodic potential (12)
calculated in this basis. We have diagonalized the system (17) for different values of magnetic field
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and different amplitudes of periodic potential. The maximum size of Hermitian matrix in (17) was
up to 220× 220. The corresponding energy spectra and hole wavefunctions are shown on Figures
2 – 6.
It was mentioned previously that hole Landau levels may be classified into groups of the effective
Hamiltonian (13) eigenvalues labeled by the common index N = −1, 0, 1, . . .. For example, for
N = 0 such a group belonging to the subband of size quantization with ν = 1 consists of one
heavy- and one light-hole level. These levels can be obtained by the diagonalization of 2×2 matrix
and are labeled by N = 0 − (+) (see Fig.1). When the periodic potential of lateral superlattice
is introduced, the 2 × 2 matrix yields 2p × 2p matrix equation (17) which spectrum consists of
2p magnetic subbands originating from N = 0 − (+) levels. If the amplitude |V0| is small enough
to neglect the influence of other levels neighboring with the levels N = 0 − (+), it is possible
to study their splitting separately. The set of 2p magnetic subbands originating from the levels
N = 0 − (+) splitted by the periodic potential with V0 = −3meV is shown on Fig.2a(b) versus
the reciprocal magnetic flux q/p. Comparing Fig.2 and the ordinary Hofstadter ”butterfly” for 2D
electrons, one can see that at low magnetic field q/p ≈ 1 the hole spectrum looks similar to the
electron one, in particular, the clustering of hole magnetic subbands is the same. At high magnetic
fields q/p ≪ 1 one can see the down and up shifts of the energy on Fig.2 with respect to the
center of the ”butterfly” at q/p ≈ 1. This difference between hole and electron spectra is caused
by the off-diagonal elements of the Luttinger Hamiltonian (7) which become more significant at
high magnetic fields.
FIG. 2. Energy spectrum of 2D hole gas laterally modulated by the quantum dot superlattice with
a = 80nm plotted vs reciprocal magnetic flux q/p. The spectrum is shown for two hole levels N = 0− (+)
coupled by the off-diagonal term of the Luttinger Hamiltonian and splitted by periodic potential (12) with
the amplitude V0 = −3meV .
Hereafter we are going to be interested mainly in the hole energy spectra at high (and fixed)
magnetic field p/q = 20 which corresponds to B ≈ 12 T. The spectrum of system (17) for such
magnetic flux and for kx = ky = 0 is shown on the bottom part of Fig.3 for the case of non-
overlapped subbands related to the highest hole levels N = 2+ and N = −1−. Here the sign +(−)
refers to the spin projection of the dominating component of |J ;mJ〉 basis22,20. Similar to the
electron spectra6,8, every hole Landau level has splitted into p narrow magnetic subbands (which
look like discrete levels) grouped near the unperturbed Landau level (marked as a dark circle on
Fig.3). Note that the N = 2+ and N = −1− levels on Fig.3 have exchanged their positions in
energy with respect to Fig.1 which is due to the level crossing occurred at some intermediate p/q.
The condition |V0| ≤ ∆E12 where ∆E12 is the distance between the levels N = 2+ and N = −1−
allows to observe the set of non-overlapped magnetic subbands for these levels at high magnetic
7
fields.
FIG. 3. (Bottom) non-overlapped hole magnetic subbands related to the highest Landau levels N = 2+
and N = −1− (black circles) at p/q = 20 splitted by the periodic potential of quantum dot superlattice
with the amplitude V0 = −2.5meV . (Top) intensities of the luminescence with σ
+ (black) and σ− (white)
polarization for transitions between donor levels and hole subbands plotted vs. the photon energy h¯ω
together with the intensities of transitions to the unperturbed (V0 = 0) hole levels. The latter are shown
as single bars above the level positions. The insets 1 and 2 show the fine structure of the transition
intensities with respect to subband number, and the donor energy E0 is counted from the Γ8 point of
GaAs valence band.
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In the following Sec. we will calculate the matrix elements for transitions between the valence
band and donors located in the heterojunction and thus the knowledge of hole wavefunction in a
superlattice cell is required. On Fig.4a,b we plot the Reψj > 0 (top) and the |ψj |2 (bottom) for the
hole wavefunction componentmJ = −3/2 at kx = ky = 0 for subbands A and B which are indicated
on Fig.3. We’ve not shown the contour plots for the imaginary part of the wavefunction since
they demonstrate qualitatively the same behavior. It should be noted that for subbands located
between A and B (including themselves) the other |J ;mJ 〉 components in (15) are negligible under
the conditions of a non-overlap with other subbands. This is a consequence of a single-component
structure of the eigenvector F−1 = (0, 0, 0, C4(z)u0) corresponding to the N = −1− Landau level
shown on Fig.1. The impact of other components in our model can be provided only by the external
periodic potential V (x, y) leading to the Landau level coupling, but this coupling is negligible for
the non-overlapped subbands shown of Fig.3, and thus no other |J ;mJ〉 components are present on
Fig.4. As for the single-component electron quantum states8, Reψj (and Imψj also) have different
structure with respect to the subband number n. Namely, in the subband A located far from the
clustering point, the Reψj (upper part of Fig.4a) has much less oscillations than the Reψj for the
subband B belonging to the clustering region (upper part of Fig. 4b). It should be noted that the
probability density distribution (bottom parts of Fig.4a,b) is always smooth and square symmetric,
despite the possible oscillatory character of Reψj or Imψ. One can see that the probability density
shown on bottom parts of Fig.4a,b always has the C4 symmetry which corresponds to the symmetry
of the superlattice, while Reψj can have lower symmetry (upper part of Fig.4b) because of the
non-symmetrical Landau gauge (1). It can be expected that the discussed difference in the Reψj
shape in different subbands should be reflected in the magnitude of matrix elements for transitions
from donors and it will be proved in the following Sec.
FIG. 4. Envelope hole wavefunctions Reψj > 0 (top) and probability density distributions (bottom) for
the component mJ = −3/2 plotted in one superlattice cell at kx = ky = 0 for subbands A (Fig.4a) and B
(Fig.4b) shown on Fig.3.
When the condition |V0| < ∆E12 is not fulfilled, the structure of hole spectrum looks different.
The spectrum for V0 = −10meV and ∆E12 ≈ 2.5meV is shown on the bottom part of Fig.5.
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FIG. 5. (Bottom) overlapped hole magnetic subbands related to the same Landau levels but splitted by
the periodic potential with larger amplitude V0 = −10meV . (Top) intensities of the luminescence with σ
+
(black) and σ− (white) polarization for transitions between the monolayer of donors and hole subbands
plotted vs the subband number n.
In this case the magnetic subbands originating from different hole Landau levels are strongly
overlapped almost everywhere except the region near the highest Landau level. This region is
marked on Fig.5 and it contains magnetic subbands from B to C belonging to the Landau level
N = 2+. In this interval of non-overlapping subbands one may expect a distinguishable behavior
of transition intensities for these subbands (see the following Sec). Under the conditions of strong
subbands overlap the domination of one of |J ;mJ〉 basis component becomes less pronounced.
This is illustrated on Fig.6 where we plot the probability distributions | ψj |2 for all four |J ;mJ〉
components of the wavefunction (15) in the subband A marked by an arrow on Fig.5. It is clearly
seen that all the components have the same order which is a consequence of the overlapping between
the magnetic subbands originating from Landau levels with different dominating wavefunction
components. As for the case of non-overlapped subbands which has been discussed above, the
probability density distributions shown on Fig.6 have the C4 symmetry for all |J ;mJ〉 components.
FIG. 6. Probability distribution | ψj |
2 of four hole wavefunction components at kx = ky = 0 for the
subband A marked by an arrow on Fig.5. The figures (a) – (d) correspond to the components | 3
2
; 3
2
〉,
| 3
2
;− 1
2
〉, | 3
2
; 1
2
〉 and | 3
2
;− 3
2
〉 of |J ;mJ〉 basis, respectively.
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III. LUMINESCENCE INTENSITIES FOR DONORS - VALENCE BAND
TRANSITIONS
As it was mentioned in the Introduction, one of the experimental methods for investigation of
quantum states in magnetic subbands is a magnetooptical measurement of transition intensities.
Below we calculate the matrix elements and intensities of transitions between the electrons bound
to the monolayer of shallow donors and the magnetic Bloch hole states in the valence band.
Let us consider a process in which photon is emitted and the electron is dropped from the donor
atom to the valence band. Following Ref.20, we suppose that the monolayer of donors is located
at a well-defined distance from the heterojunction interface. The final quantum state Ψfkxky is
the hole wavefunction (15), and the initial quantum state Ψi is a hydrogen-like wavefunction of
a donor impurity located inside the heterojunction at the distance z = z0 from the interface and
at the point (x0, y0) in the superlattice cell. This impurity is described by the envelope function
ψD(r, r0) where r0 = (x0, y0, z0) and
ψD(r, r0) = A exp
(
− 1
rD
[
(x− x0)2 + (y − y0)2 + (z − z0)2
]1/2)
,
where rD = κeh¯
2/m∗e2 stands for the donor Bohr radius in GaAs/AlGaAs heterostructure with
the dielectric constant κe and the effective mass at the bottom of conduction band m
∗. The
value of rD obtained from luminescence measurements is about 15 nm
20. The conduction band
is characterized by an s-type atomic function sα(r) where the index α = 1(2) corresponds to the
function | s ↑〉 (| s ↓〉). Since the total ensemble of donor atoms does not have a definite projection
of an angular momentum, one can write
Ψi = ψD(r, r0) · | s ↑〉+ | s ↓〉√
2
.
After the definition of initial and final quantum states one can write the magnetoluminescence
intensity I(h¯ω) as
I(h¯ω) ∝
∑
if
|Mif |2δ(Ef − Ei − h¯ω) (18)
where we assume that the initial state Ψi is fully occupied and the final state Ψfkxky is empty. If the
energy of electrons bound to donors is fixed, the summation over the initial states in (18) reduces to
the multiplication by the total number of donor atoms. The matrix element for transition between
a donor and a hole state is26
Mif = 〈Ψfkxky | p · e | Ψi〉 =
=
2∑
α=1
4∑
j=1
〈vj | p · e | sα〉〈ψ(j)kxky | ψD〉+
2∑
α=1
4∑
j=1
〈ψ(j)kxky | p · e | ψD〉〈vj | sα〉, (19)
where e being a unit vector in the direction of electric field and the scalar products are defined as
〈vj | (. . .) | sα〉 =
∫
cell
vj(r)
∗(. . .)sα(r)dr,
〈ψ(j)kxky | (. . .) | ψD〉 =
∫
crystal
ψ
(j)∗
kxky
(r)(. . .)ψD(r)dr.
The first term in (19) corresponds to the matrix elements of the transitions from donors to the
valence band. The second term vanishes due to the orthogonality of the |J ;mJ〉 functions vj(r)
and sα(r) being p- and s-type functions, respectively. It should be stressed that the transitions
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from donors to hole subbands belonging to different Landau levels are characterized by different
polarization. On the one hand, it is a consequence of different contribution of the |J ;mJ〉 basis
components into the hole quantum state (15) and, on the other hand, it is due to the fact that
the transitions from heavy holes are three times more intensive then those from light holes (see,
for example, Refs. 20,26). The overlapping of hole and donor wavefunctions and thus the matrix
element strongly depend on the position of the donor atom in a current superlattice cell. In order
to obtain the transition probability for a superlattice with many cells we have to average it over
many possible donor positions in the (xy) plane, i.e.
|M |2 = 1
ND
∑
x0y0
|M(x0y0) |2, (20)
where ND is the total number of donor positions. We found that due to the random position of a
donor atom the matrix elements practically (with an accuracy of few percents) do not depend on
the quasimomentum which classify the Bloch quantum state. This independence on kx and ky is
stipulated by the fact that the radius of the donor wavefunction is considerably smaller than the
superlattice period a. By taking this into account, the summation over the final states in (18) is
also performed simply. The magnetic subbands are very narrow at p/q = 20 and their widths are
apparently smaller than the collision broadening (the corresponding estimations for the electron
gas can be found, for example, in Ref.6). So, one can treat the magnetic subbands at p/q = 20 as a
set of levels with fixed energy and thus also replace the summation over the final states in (18) by
multiplication by the total number of states in a magnetic subband. This number is determined by
the area of the magnetic Brillouin zone (3) which is equal for all subbands. As a result, we found
that the variations of intensity (18) with respect to the photon energy almost precisely repeat the
behavior of matrix elements (20).
On the upper side of Fig.3 we show the results for the luminescence intensities with σ+ and
σ− circular polarization calculated for two highest Landau levels N = −1− and N = 2+ at
p/q = 20 being splitted by the periodic potential (12) with the amplitude V0 = −2.5meV . On the
horizontal axis we plot the photon energy h¯ω counted from the energy E0 which is the distance
between a donor level and the Γ8 point of the valence band. In order to compare these values with
the intensities of transitions to the unperturbed Landau levels (V0 = 0) we plot these intensities
on the right side of each histogram of Fig.3 directly above the position of the hole Landau levels.
Qualitatively, the maximum intensity of transitions to one of p magnetic subbands is approximately
p times smaller than for the non-splitted Landau level which corresponds to the ratio (equal to p) of
the number of quantum states in one Landau level and in one magnetic subband. It is evident that
the magnetic subbands related to different Landau levels provide the luminescence with different
polarization, just like the unperturbed hole Landau levels20. Namely, for σ+ polarization only
the transitions to magnetic subbands originating from N = −1− level can be observed while for
σ− polarization the transitions to subbands from N = 2+ level are significant. On the insets
1,2 on Fig.3 we show in detail the dependence of the transition intensities on a subband number.
One can see that the transitions to subbands located far from the clustering point (subbands A
and C) are more intensive than for subbands near the unperturbed Landau levels (subbands B
and D). Such a behavior is a consequence of the oscillatory character of hole wavefunctions in
B- and D-type subbands (see Fig.4). Namely, the space scale of the wavefunction in subband
A (Fig.4a) is of the same order as the lattice constant a (which is larger than the donor Bohr
radius rD) while the period of wavefunction oscillations on Fig.4b is considerably smaller than
rD. As a result, the matrix element for transitions in B-type subbands decreases rapidly which
explains the sharp saturation (observable on the insets 1 and 2 on Fig.3) of transitions to B-
and D-type subbands compared with A- and C-type. We believe that the described differences in
magnetooptical parameters will provide more transparence in experimental studies of hole magnetic
subbands.
The behavior of transition intensities changes drastically when |V0| is increased. As it was
mentioned previously, the overlapping of magnetic subbands occur when |V0| > ∆E12. The tran-
sition intensities for such a case are shown on the upper part of Fig.5 for the same Landau levels
N = −1− and N = 2+ at p/q = 20 splitted by the periodic potential of quantum dots (12) with
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higher amplitude V0 = −10meV . One can see that the switching of polarization from σ+ to σ−
leads to the total decrease of transition intensities but their dependance on n changes significantly
mainly for subbands B – C which are not overlapped with those related to other Landau levels (see
the marked region on the bottom part of Fig.5). The switching of polarization illuminates these
subbands and thus makes possible to detect them experimentally.
IV. SUMMARY AND CONCLUSIONS
We investigated quantum states and magnetooptics of 2D holes in a p-type heterojunction sub-
jected to perpendicular magnetic field and periodic potential of surface superlattice. The holes
were described by the 4 × 4 Luttinger Hamiltonian where both confinement potential and poten-
tial of lateral surface superlattice have been introduced. This model allowed us to figure out the
influence of the spin-orbit coupling onto four-component magnetic Bloch quantum states. We’ve
calculated hole magnetic subbands at high magnetic fields under consideration of several Landau
levels originating from the first three subbands of size quantization. In a wider interval of both low
and high magnetic fields the set of hole magnetic subbands originating from two coupled Landau
levels has been obtained. We found the increasing differences with electron quantum states at high
magnetic fields which are caused by the B-dependent off-diagonal terms in the Luttinger Hamilto-
nian. Then the calculations of matrix elements for transitions between donors and hole magnetic
subbands have been performed. We observed the characteristic dependencies of transition intensi-
ties on a subband number and the strong dependence on the polarization of luminescence radiation.
In particular, at σ+ (σ−) polarization the most intensive transitions are to those hole magnetic
subbands where ”spin”-down(up) components of the wavefunction dominate. The discussed effects
allowed us to define the set of parameters (superlattice periods, amplitude of periodic potential and
magnetic field) for possible experimental observation of sharp non-overlapping magnetic subbands
for 2D holes.
In the following paper we plan to study the magnetotransport properties of laterally modulated
2D hole gas, and, in particular, the quantization of Hall conductance in hole magnetic subbands.
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